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Abstract
Let X˜
p→X be a covering projection. We use p :C(Y, X˜)→ C(Y,X) to denote the map defined
by p(f˜ )= p ◦ f˜ , where spaces of continuous maps are endowed with the compact-open topology.
We prove that if Y is Hausdorff and contractible, or if Y is either a compact CW-complex or a graph
with finitely many components and p is onto, then p is a covering projection.  2001 Elsevier
Science B.V. All rights reserved.
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1. Introduction
One knows that if we equip spaces of continuous maps with compact-open topology,
i.e., the topology generated by taking as subbase the open sets
CK,U =
{
f ∈ C(Y,X): f (K)⊆ U}, where K is compact and U is open,
then C(Y,X) preserves some topological properties of X. In functorial terms, one has a
functor C(·, ·) contravariant in the first argument in Hausdorff spaces and covariant in the
second.
Remark. Notice that in the present paper compact means compact Hausdorff, so that the
map ϕ :C(Y,X)→C(Y ′,X) given by g 	→ g ◦ ϕ (where ϕ ∈C(Y ′, Y )) is not continuous
in general for ϕ maps compact subsets onto not necessarily Hausdorff subsets. With
Hausdorff assumption on Y the map ϕ turns out to be continuous and C(·,X) is a
contravariant functor from the Hausdorff category to the category of topological spaces
and continuous maps.
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It is the covariant part of C(·, ·) which preserves the most properties. Here one studies
the question of covering maps. Let X˜ p→X be a covering map and let
p :C(Y, X˜)→ C(Y,X)
be the map defined by p(f˜ ) = p ◦ f˜ . Is it a covering map? The answer is negative in
general, since it is not always onto. For instance, in the case where X = Y is a topological
space admitting a contractible covering X˜ p→X, it is clear that identity 1X has a preimage
by p only if X is contractible. But what is the situation if we assume that p is onto, and
what happens when Y is contractible? If p is assumed to be onto, it is again wrong as
proved by the following example.
Example. One takes X = S1, Y =N, and for p = e the universal covering of S1. One has
R
N ∼= C(N,R) e→ C(N,S1)∼= (S1)N,
now e = eN is onto, but not a covering map, for every nonempty open subset of (S1)N
contains a factor S1 and therefore cannot be evenly covered by e.
We will say that Y lifts covering maps when p is always a covering map. Whenever
p is a covering map for a given covering map p, one will say that Y lifts p. The first
result we are going to prove is that Hausdorff and contractible spaces lift covering maps
(Theorem 22). The next main results say that, if Y is either a compact CW-complex or
a graph with finitely many components, then p is a covering map if and only if it is
onto (Theorems 25 and 29). By so doing we have reduced the topological question to an
algebraic question, since the possible surjectivity of p can then be studied by homological
methods. On can for instance mention that if Y is simply connected and locally arcwise
connected then p is always onto, while conversely if Y is a connected CW-complex and
e is onto, then the first cohomology group H 1(Y,Z) vanishes. Also, one gets the same
result with cohomology with arbitrary abelian group coefficient π , even if it does mean
replacing e by the universal covering of an Eilenberg–MacLane space of type (π,1).
Given that many structures lift from the base of a covering to the total space, the results
proved in this paper may lead to consider possible applications of this lifting technique
to spaces of continuous maps. On the other hand, since we work essentially with the
continuity of the inverse map p−1 suitably restricted, that is essentially a property of
compact-open topology, it would be interesting to investigate what might be generalized
when the topology on spaces of continuous maps is modified (see, e.g., [3]). I thank Laurent
Siebenmann for helpful conversations and the referee for relevant suggestions.
One assumes Y = ∅, so that X embeds canonically onto a closed subset of C(Y,X) by
ε :x 	→ εx,
where εx is the constant map taking the value x . A one-point space P lifts covering maps
for C(P,X) is homeomorphic to X by ε. If Hausdorff spaces Y and Y ′ have the same
homotopy type then, as a result of the functoriality property (below),C(Y,X) andC(Y ′,X)
also have the same homotopy type. So, if Y is contractible, the topological spaces C(Y,X)
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and C(Y, X˜) have the same homotopy type as X and X˜, respectively. Obviously this is not
enough to prove that p is a covering map. Before going further, let us give another special
example.
Example. Y is nonempty and X is a one-point space so that C(Y,X) is a one-point space
and, by the assumption concerning p, X˜ is discrete. The problem reduces to determine
conditions under which C(Y, X˜) is discrete. If Y is discrete then C(Y, X˜) is the product of
a collection of copies of X˜ indexed by the elements of Y , and this is discrete if and only
if Y is finite. The same argument shows that if Y is locally connected and has only finitely
many components, then C(Y, X˜) is discrete.
2. Prerequisite results
We will make use of the following classical theorems involving a covering map X˜ p→X.
Proposition 1 (unique lifting). If Y is connected, two liftings to X˜ of a same continuous
map f :Y →X coincide if they coincide at one point.
Proposition 2 (fibration). Given f0 and f1 two continuous maps from Y to X, f˜0 a lifting
of f0, and F a homotopy from f0 to f1, then there exists a homotopy F˜ with range in X˜
starting from f˜0 such that p ◦ F˜ = F .
Proposition 3 (lifting maps). If Y is connected and locally arcwise connected, then
the continuous map f : (Y,∗) → (X,∗) has a lifting f˜ : (Y,∗) → (X˜, ∗˜) if and only if
πf (π(Y,∗))⊆ πp(π(X˜, ∗˜)).
Proofs can be found, for example, in [6]. Concerning compact-open topology we will
make use of the following results.
Proposition 4 (functoriality). The topological space C(X,Y ) yields to the definition of a
functor contravariant with respect to X supposed to run on Hausdorff spaces, covariant
with respect to arbitrary Y , and with range in the category of topological spaces and
continuous maps.
As a result of this we get the continuity of the map g 	→ ψ ◦g ◦ϕ when source and target
spaces of X′ ϕ→X are Hausdorff (see Introduction):
X′
ϕ
ψ◦g◦ϕ
Y ′
X
g
Y
ψ
Proposition 5 (initial topology). LetA be a family of subsets of X such that every compact
subset of X is the union of a finite collection of compact subsets, each of which is contained
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in an element ofA. Then the compact-open topology on C(X,Y ) coincides with the initial
topology of the restrictions
C(X,Y )
ρA−→C(A,Y ),
where A runs over A.
Proof. The restriction ρA is continuous with respect to the compact-open topologies of
source and target by the functoriality property and the remark in the introduction, since the
canonical mappings A ↪→ X map compact subsets onto compact subsets (remember that
compact means compact Hausdorff). This means that the initial topology is coarser than the
compact-open topology. Conversely, let us consider the open set CK,V in the compact open
topology of C(X,Y ). By assumption, the compact subset K is the union K1 ∪ · · · ∪Kn,
where each compact set Ki is contained in an element Ai of A. Then one has
CK,V =
n⋂
i=1
ρ−1Ai (CKi,V ),
something which proves that CK,V belongs to the initial topology. Since the CK,V ’s
generate the compact open topology, the result follows. ✷
Proposition 6 (evaluation). If X is locally compact Hausdorff, then the evaluation map
C(X,Y )×X E→ Y
defined by E(g,y)= g(y) is continuous.
Proposition 7 (exponential law). Let
C(X× Y,Z) Γ→ C(X,C(Y,Z))
be the exponential map defined by Γ (g)(x)(y)= g(x, y). If X is Hausdorff and Y is locally
compact Hausdorff, then the exponential map is a homeomorphism.
The evaluation property and exponential law are proved in [4]. By modifying the
topology on the Cartesian product, one can extend the evaluation property and the
exponential law. One defines the topological space X×s Y by giving the Cartesian product
X×Y the finest topology which coincides with the product topology on the subsets {x}×Y
andX×L, where x ∈X andL is a compact subset of Y . We will make use of the following
properties of this nonsymmetric product topology.
Proposition 8 (embedding). The natural projections X ×s Y pX→X and X ×s Y pY→ Y are
continuous open and onto, and the injections Y jx→ X ×s Y and X iy→X ×s Y defined by
jx(y)= (x, y)= iy(x), are topological embeddings.
Proposition 9 (continuity). A map X ×s Y F→ Z is continuous if and only if the maps
Fx = F(x, ·) and F |X×L are continuous for every x ∈X and every compact subset L of Y .
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Proposition 10 (associativity). The natural map (X ×s Y )×s Z → X ×s (Y ×s Z) is a
continuous bijection. If Y and Z are Hausdorff, then this map is a homeomorphism.
Proposition 11 (product). If Y is locally compact Hausdorff, then X× Y =X×s Y .
Proposition 12 (evaluation). The evaluation map
C(X,Y )×s X E→ Y
is continuous.
Proposition 13 (exponential law). The exponential map
C(X×s Y,Z) Γ→ C
(
X,C(Y,Z)
)
is a continuous bijection.
The latter propositions under the assumption that all spaces are Hausdorff, are due to
Ronald Brown [2,3]. Proofs without any Hausdorff assumption can be found in [1].
3. Product and coproduct
Proposition 14 (product lifts). If Y and Y ′ are both Hausdorff, either one of them is locally
compact and if they both lift covering maps, then their product also lifts covering maps.
Proof. Let us assume that Y ′ is locally compact Hausdorff, so that the exponential map
C(Y × Y ′,Z) Γ−→C(Y,C(Y ′,Z))
is a homeomorphism (exponential law). If X˜ p→X is a covering map, one can write down
the commutative diagram
C(Y × Y ′, X˜)
p
Γ
C(Y,C(Y ′, X˜))
p
C(Y × Y ′,X) Γ C(Y,C(Y ′,X))
Since Y ′ lifts covering maps, the map
p :C(Y
′, X˜)→C(Y ′,X)
is a covering map, and since Y lifts covering maps, the map p is a covering map. It
follows that
p :C(Y × Y ′, X˜)→C(Y × Y ′,X)
is a covering map. A similar argument applies where Y is locally compact Hausdorff. ✷
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Let Y =∐ni=1 Yi be the coproduct of topological spaces. There is a natural morphism ϕ
which makes the following diagrams
C(Yj ,X)
C(Y,X)
ρj
ρk
ϕ ∏n
i=1 C(Yi,X)
C(Yk,X)
commute. The restriction
C(Y,X)
ρi→C(Yi,X)
is induced by the canonical map Yi ↪→ Y . The map ϕ is a continuous bijection. Further,
by Proposition 5 (initial topology), since every compact subset of Y is the union of
finitely many compact subsets Ki ⊆ Y i , the topology of C(Y,X) coincides with the
initial topology of the restrictions ρi , so that ϕ−1 is continuous. Eventually ϕ is a
homeomorphism, and one can state the following proposition.
Proposition 15 (coproduct lifts). If for each i , Yi lifts p, then Y =∐ni=1 Yi lifts p and p
is essentially the product covering map
∏n
i=1 pi , where pi corresponds to Yi .
Proposition 16. If the topological space Y is the coproduct of its connected components
and lifts the universal covering map e of S1, then Y has only finitely many components.
Proof. We denote by Y i the components of Y . They are by hypothesis simultaneously
open and closed subsets of Y , so that every compact subset of Y is the union of finitely
many compact subsets Ki ⊆ Y i . Therefore, thanks to Proposition 5 (initial topology), the
topology of C(Y,X) coincides with the initial topology of the restrictions
C(Y,X)
ρi→C(Y i,X).
The natural morphism ϕ making the diagrams
C(Y j ,X)
C(Y,X)
ρj
ρk
ϕ ∏
i C(Y
i,X)
C(Y k,X)
commute is a continuous bijection, and, since the topology of C(Y,X) is the initial
topology of the ρi ’s, its inverse is continuous, hence it is a homeomorphism. Let us assume
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that Y has infinitely many components and derive a contradiction. The commutative
diagram
C(Y,R)
ϕ˜
e
∏
i C(Y
i,R)
∏
i e
i

C(Y,S1)
ϕ ∏
i C(Y
i,S1)
implies that
∏
i e
i
 is a covering projection. Let G be an evenly covered open neighbour-
hood of (gi)i ∈ ∏i C(Y i,S1). If (g˜i )i is a preimage of (gi)i by ∏i ei, there exists an
open subset G˜ homeomorphic to G under
∏
i e
i
 and containing (g˜i)i . The open subset G˜
contains a factor C(Y i0 ,R) ×∏i =i0 g˜i , and ei0 maps homeomorphically C(Y i0,R) onto
C(Y i0,S1). The restriction of ei0 to R identified with a subset of C(Y i0 ,R) would give rise
to a homeomorphism onto S1 ⊆ C(Y i0 ,S1), something which yields a contradiction. ✷
In particular, let us consider a CW-complex Y . Recall that we have (see [5]):
(1) Let {Yi}i be a family of subcomplexes such that Y =⋃i Yi . Then a subset is closed
if and only if it meets each Yi in a closed subset.
(2) Each component of Y is a subcomplex.
It follows from these two results that a CW-complex is the coproduct of its components.
Therefore, it satisfies the latter proposition.
4. Lifting of evenly covered open subsets
We will say that the topological space Y lifts p-evenly covered open subsets whenever,
provided that a base point ∗ ∈ Y is suitably chosen, for every pair of open subsets U˜ ⊆ X˜
and U ⊆ X such that U˜ is mapped homeomorphically onto U by p, the set C∗,U˜ (Y, X˜)
(C∗,U˜ , for short) is mapped homeomorphically onto C∗,U (Y,X) (C∗,U , for short) by p
where
C∗,U =
{
f ∈ C(Y,X): f (∗) ∈U}.
Notice that the base point ∗ is fixed for all choices of U and U˜ . The C∗,U ’s are open subsets
of the compact-open topology, and if U generates an open cover of X then C∗,U generates
an open cover of C(Y,X). We will say that Y lifts evenly covered open subsets if it lifts
p-evenly covered open subsets for every covering map p. Our interest in these notions of
lifting lies in the following result.
Proposition 17. Let X˜ p→ X be a covering projection. If Y lifts p-evenly covered open
subsets, then it lifts p.
Proof. Let us consider an open subset U evenly covered by p. If
p−1U =
⋃
i
U˜i ,
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where the U˜i ’s are mutually disjoint and each U˜i is mapped homeomorphically onto U by
p, and if we set C˜i = C∗,U˜i , then the open subsets C˜i are mutually disjoint and
p−1 C∗,U =
⋃
i
C˜i .
This proves, thanks to the property of lifting p-evenly covered open subsets, that C∗,U is
an open subset evenly covered by p. Given that the C∗,U ’s cover C(Y,X), as U runs over
the set of open subsets evenly covered by p, one deduces that p is a covering map. ✷
We have seen thatN did not lift e-evenly covered open subsets (first example). However,
it might happen that Y lifts p but doesn’t lift p-evenly covered open subsets.
Example. Let us consider the Alexandroff compactification N̂ = N ∪ {∞} and the
continuous map
e :C(N̂,R)→C(N̂,S1).
Further, we consider an open subset U of S1 evenly covered by e, and denote by (U˜i)i∈Z a
partition of e−1U by open subsets that map homeomorphically onto U by e. Let us set
DU =
{
z ∈C(N̂,S1): zn ∈U ∀n+∞
}
.
The DU ’s generate an open cover of C(N̂,S1) for z(N̂) is countable, and is hence always
contained in an open subset of S1 that is evenly covered by e. Ones defines also C˜i0,...,in by{
z˜ ∈ C(N̂,R): z˜0 ∈ U˜i0, . . . , z˜n−1 ∈ U˜in−1, z˜m ∈ U˜in ∀m,nm+∞
}
.
The C˜i0,...,in ’s are open subsets of C(N̂,R) for limm→∞ z˜m = z˜∞ ∈ U˜in and the compact-
open topology coincides, in the present case, with the topology of uniform convergence.
Moreover, two such open subsets are disjoint if they are distinct, and one has
e−1 (DU )=
⋃
n,i0,...,in
C˜i0,...,in .
Let us study the restriction e : C˜i0,...,in →DU . It is continuous and clearly one-to-one, for
U˜i is mapped homeomorphically onto U by e. On the other hand, if z ∈DU , one can define
z˜ ∈ C˜i0,...,in by
z˜0 = e−1i0 (z0), . . . , z˜n−1 = e−1in−1(zn−1), z˜m = e−1in (zm) ∀m n,
which proves surjectivity for e(z˜) = z. We also have to verify the continuity of
e−1 :DU → C˜i0,...,in . Each e−1i , for i = i0, . . . , in, is uniformly continuous on compact
subsets, so that if z ∈ DU and if K is a compact neighbourhood of {zn}n∈N̂ in U , then,
given ε > 0, there exists η > 0 such that∣∣zn − z′n∣∣ η⇒ ∣∣e−1i (zn)− e−1i (z′n)∣∣ ε.
One gets
‖z− z′‖∞  η ⇒
∥∥e−1 (z)− e−1 (z′)∥∥∞  ε
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and hence the continuity of e−1 :DU → C˜i0,...,in . Then
e :C(N̂,R)→C(N̂,S1)
is a covering map, although the compact space N̂ doesn’t lift e-evenly covered open
subsets, for the map e :C∗,U˜ → C∗,U is never one-to-one. We have seen that, in the case
of the open dense subset N of N̂, e was not a covering map.
One can mention the following consequence of the theorem of unique lifting (Proposi-
tion 1)
Lemma 18 (connectivity). If p is a covering map, and Y is connected, then the map
p :C∗,U˜ → C∗,U is one-to-one.
Therefore, the lifting maps theorem (Proposition 3) or the fibration theorem (Proposi-
tion 2) imply the proposition.
Proposition 19 (bijection). If Y is either locally arcwise connected and simply connected,
or contractible, the map p :C∗,U˜ → C∗,U is a bijection.
On the other hand, in the case of a regular covering map p, that is whose fundamental
group of the total space X˜, supposed to be arcwise connected, is mapped onto a normal
subgroup of the fundamental group of the base, one can state the following result.
Proposition 20 (regular). Let p be a regular covering map. If Y is arcwise connected,
either Y or X is locally arcwise connected and p :C(Y, X˜) → C(Y,X) is onto, then
p :C∗,U˜ → C∗,U is a bijection.
Proof. We must prove that p :C∗,U˜ → C∗,U is onto. A map f ∈ C∗,U admits by
assumption a lifting f˜ ′ ∈ C(Y, X˜). One can assume thatU is an evenly covered open subset
and that U˜ is mapped homeomorphically onto U by p, even if it does mean contracting U .
There exists an open subset U˜ ′ disjoint or equal to U˜ and mapped homeomorphically onto
U by p, such that x˜ ′ = f˜ ′(∗) ∈ U˜ ′. One has
πf
(
π(Y,∗))⊆ πp(π(X˜, x˜ ′)).
Since the covering map p is regular and knowing that a change of base point on X˜
in the same fibre induces a conjugacy on the fundamental group of the base, one gets
πp(π(X˜, x˜ ′))= πp(π(X˜, x˜)) where x˜ = (p−1px˜ ′)∩ U˜ . One can thus write
πf
(
π(Y,∗))⊆ πp(π(X˜, x˜)). (1)
We first consider the case where Y is locally arcwise connected. By applying the lifting
maps theorem (Proposition 3) one gets a lifting f˜ of f such that f˜ (∗) = x˜. On has
f˜ ∈C∗,U˜ a fact which states the requested surjectivity.
If it is X which is locally arcwise connected, one can assume that U is an arcwise
connected evenly covered open subset. If y ∈ Y , one consider a path γ from ∗ to y and
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one defines f˜ (y) to be the ending point of the lifting γ˜ of γ whose starting point lies
in U˜ , in particular x˜ = f˜ (∗) ∈ U˜ , for this definition doesn’t depend on γ thanks to the
relation (1). But we must examine the continuity of f˜ . By a possible change of base point,
one is reduced to the continuity at ∗, and after a possible contraction of U˜ it is enough
to prove that V = f˜−1U˜ is a neighbourhood of ∗. We know that V ′ = f˜ ′−1U˜ ′ is an open
neighbourhood of ∗ for f˜ ′ is continuous.
Let us proveV ′ ⊆ V . If y ∈ V ′ there exists a path γ˜ ′ from x˜ ′ to f˜ ′(y) traced on U˜ ′, for U˜ ′
is assumed to be arcwise connected. We denote by γ˜ the lifting of γ = p ◦ γ˜ ′ starting at x˜ .
One has by construction f˜ (y)= γ˜ (1), now, by the unique lifting property (Proposition 1),
γ˜ = p−1
U˜
◦γ , where pU˜ is the homeomorphism mapping U˜ onto U obtained by contracting
p. Therefore one has f˜ (y) ∈ U˜ and y ∈ V . ✷
As a result the latter proposition yields the following partial converse of Proposition 17.
Corollary 21. If p is a regular covering map, if Y is Hausdorff and arcwise connected and
if either Y or X is locally arcwise connected then Y lifts p if and only if it lifts p-evenly
covered open subsets.
Proof. The “only if” part follows from Proposition 17. To prove the “if” part, we assume
that Y lifts p. By the previous proposition the map p :C∗,U˜ → C∗,U is a bijection. It is
continuous by the functoriality property (Proposition 4). Let f ∈C∗,U and f˜ = p−1 (f ) ∈
C∗,U˜ . By assumption f admits an open neighbourhood C ⊆ C∗,U evenly covered by p.
An open subset C˜ mapped homeomorphically onto C by p and containing f˜ meets C∗,U˜
along an open neighbourhood C˜′ of f˜ which is mapped by p onto an evenly covered open
neighbourhood C′ ⊆ C∗,U of f . The map p maps homeomorphically C˜′ onto C′ so that
p−1 :C∗,U →C∗,U˜ is continuous at f . ✷
The proof of the coproduct property (Proposition 15) implies easily that if Y1, . . . , Yn
lifts evenly covered open subsets, so is their coproduct.
5. Contractibility
Theorem 22 (contractibility). Every Hausdorff contractible space lifts evenly covered
open subsets and therefore lifts covering maps.
Proof. Let X˜ p→X be a covering projection. Let us consider two open subsets U˜ ⊆ X˜ and
U ⊆ X such that p maps homeomorphically U˜ onto U . By Proposition 19, p :C∗,U˜ →
C∗,U is a continuous bijection. We just have to check the continuity of p−1 . The key of the
proof is based on the fact that p−1 = Γ (E˜), where Γ is the exponential map and E˜ is a
lifting of the evaluation map
C∗,U ×s Y E→X.
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The evaluation map E is continuous by Proposition 12 on the nonsymmetric product ×s .
In addition, since Y is contractible, there exists a homotopy
Y × I F→ Y
from the constant map ε∗ to the identity map 1Y . Let us then consider the map
(C∗,U ×s Y )× I G→X
defined by G((g, y), t)= (g ◦F)(y, t). We get the continuity of G in four steps:
• Since Y is Hausdorff, the map g 	→ g ◦F from C∗,U to C(Y × I,X) is continuous by
Proposition 4 (functoriality).
• The map (g, y) 	→ (g ◦ F,y) from C∗,U ×s Y to C(Y × I,X) ×s Y is continuous.
As a matter of fact, by Proposition 9 (continuity), it is enough to consider the map
y 	→ (g ◦ F,y) and the restriction map from C∗,U ×s L to C(Y × I,X)×s L, where
L is a compact subset of Y . The first is continuous by Proposition 8 (embedding). For
the second we reduce the problem to ordinary productsC∗,U ×L and C(Y ×I,X)×L
with Proposition 11 (product).
• Thanks to Propositions 10 and 11 (associativity and product) one gets the identifica-
tion (
C(Y × I,X)×s Y
)× I = (C(Y × I,X)×s Y )×s I
∼= C(Y × I,X)×s (Y ×s I )= C(Y × I,X)×s (Y × I).
• The evaluation map from C(Y × I,X) ×s (Y × I) to X is continuous by the
Proposition 12 (evaluation).
The map G defines a homotopy from u : (g, y) 	→ g(∗) to E. The map u takes its values
in U , so that it admits a lifting
C∗,U ×s Y u˜→ U˜ ,
by setting u˜= p−1 ◦ u. By the fibration theorem (Proposition 2), G has a lifting
(C∗,U ×s Y )× I G˜→ X˜
such that G˜((·, ·),0)= u˜. The loop αg =G((g,∗), ·) is based at g(∗). The map
H(s, t)= (g ◦ F)(F(∗, s), t)
defines a homotopy of loops from εg(∗) to αg . Since the loop αg is homotopic to zero, it
has a loop as a lifting and one gets, by unique lifting property (Proposition 1),
G˜
(
(g,∗),1)= G˜((g,∗),0)= u˜(g,∗) ∈ U˜ .
The map E˜ = G˜((·, ·),1) ∈ C(C∗,U ×s Y, X˜) is a lifting of E such that E˜(g,∗) ∈ U˜ . If we
denote by
C
(
C∗,U ×s Y, X˜
) Γ→ C(C∗,U ,C(Y, X˜))
the exponential map (exponential law), one has Γ (E˜) ∈ C(C∗,U ,C∗,U˜ ), and(
p ◦Γ (E˜)
)
(g)= p ◦ (Γ (E˜)(g))= p ◦ E˜(g, ·)=E(g, ·)= g,
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therefore p−1 = Γ (E˜), a fact which proves the continuity of p−1 . ✷
In particular the path space of X is covered by the path space of X˜. More generally,
every compact or open n-cell lifts evenly covered open subsets and therefore lifts covering
maps. Now, by adjoining cells, we will see what can be derived toward CW-complexes.
6. CW-complexes
Let us consider a topological space X, Hausdorff spaces Y0, Y1, Y , Z, and Z
ϕ0→ Y0
and Z
ϕ1→ Y1 two proper maps. The latter assumption is satisfied, for example, when Z is
compact, or when Z
ϕi
↪→ Yi is a subcomplex.
Lemma 23 (fibered product). If Y is obtained by gluing Y0 and Y1 alongZ by means of the
two continuous maps Z
ϕ0→ Y0 and Z ϕ1→ Y1, then the contravariant functor C(·,X) turns
the amalgamated sum of Z ϕ0→ Y0 and Z ϕ1→ Y1 into the fibered product of C(Y0,X)
ϕ

0→
C(Z,X) and C(Y1,X)
ϕ

1→ C(Z,X).
Proof. Let us write down the amalgamated sum diagram
Y0
η0
Z
ϕ0
ϕ1
Y
Y1
η1
The contravariant functor C(·,X) turns it into the following diagram involving the fibered
product of
C(Y0,X)
ϕ

0→C(Z,X) and C(Y1,X)
ϕ

1→ C(Z,X)
denoted by C01
C(Y0,X)
ϕ

0
C(Z,X) C(Y,X)
η

0
σ
η

1
C01
π0
π1
C(Y1,X)
ϕ

1
The continuous map σ is the natural map induced by the fibered product. The equality
Y = η0Y0 ∪ η1Y1
F. Apéry / Topology and its Applications 114 (2001) 295–310 307
implies that σ is one-to-one. Moreover, the relation
C01 =
{
(f0, f1) ∈C(Y0,X)×C(Y1,X): f0 ◦ ϕ0 = f1 ◦ ϕ1
}
shows that σ is onto. Let us consider a compact subset K of Y and let us set Ki = η−1i K .
We will prove that the maps ηi are proper; the following argument then shows that the sets
Ki are compact. As a matter of fact, the natural surjection
Y0  Y1 s→ Y
satisfies the relation
s−1sF = ϕ1ϕ−10 (F ∩ Y0)∪ ϕ0ϕ−11 (F ∩ Y1)∪ F,
so that if F is an arbitrary closed subset of Y0  Y1, it shows that s is closed and s−1y is
compact for all y in Y , hence that s is proper. The natural injections Yi ↪→ Y0Y1 are also
proper therefore, by composition with s, so are the ηi ’s.
The relation
(CK0,U ×CK1,U ) ∩C01 = σ(CK,U )
shows that σ is open, and hence that σ is a homeomorphism. This allow us to identify
C(Y,X) with the fibered product of ϕ0 and ϕ

1. ✷
One assumes that U is an open subset of X and U˜ an open subset of X˜ such that
p maps homeomorphically U˜ onto U . If we choose a base point ∗ ∈ Z and if we take
ϕi(∗) and ηiϕi(∗) as base points of Yi and Y , we can define C∗,U (Z,X), C∗,U (Yi,X) and
C∗,U (Y,X). The previous lemma is still valid in the context of base points and brings us to
identify C∗,U (Y,X) with the fibered product of
C∗,U (Y0,X)
ϕ

0→C∗,U (Z,X) and C∗,U (Y1,X)
ϕ

1→ C∗,U (Z,X).
In particular a map g with range in C∗,U (Y,X) is continuous if and only if the ηi ◦ g’s are
continuous.
Lemma 24. If the topologies for C∗,U˜ (Yi , X˜) are the initial topologies relative to the
maps p :C∗,U˜ (Yi , X˜)→C∗,U (Yi ,X), for i = 0 and 1, then C∗,U˜ (Y, X˜) carries the initial
topology relative to p :C∗,U˜ (Y, X˜)→C∗,U (Y,X).
Proof. Let us consider a map g with range in C∗,U˜ (Y, X˜) such that p ◦ g is continuous.
The commutative diagram
C∗,U˜ (Y0, X˜)
p
C∗,U (Y0,X)
g
C∗,U˜ (Y, X˜)
p
η

0
η

1
C∗,U (Y,X)
η

0
η

1
C∗,U˜ (Y1, X˜)
p
C∗,U (Y1,X)
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implies first that p ◦η0 ◦g = η0 ◦p ◦g and p ◦η1 ◦g = η1 ◦p ◦g are continuous. Then
the assumption says that η0 ◦ g and η1 ◦ g are continuous, and previous lemma implies that
g is continuous. ✷
From this lemma one deduces, by induction on the number of cells, that the topology
of C∗,U˜ (Y, X˜) coincides with the initial topology of p for every compact CW-complex Y
or every compact topological manifold (possibly with boundary). Now one can verify the
following result.
Theorem 25. Let X˜ p→ X be a covering projection. A compact connected CW-complex
lifts p if and only if p :C(Y, X˜)→ C(Y,X) is onto.
Proof. Since a covering projection is onto, only sufficient part is to be proved. One
assumes that p is onto. Lemma 18 (connectivity) says that C∗,U˜ (Y, X˜)
p→ C∗,U (Y,X) is
one-to-one, so it is a continuous bijection. Furthermore, Lemma 24 says that the topology
of C∗,U˜ (Y, X˜) coincide with the initial topology of p, therefore p
−1
 is continuous. Now
Proposition 17 applies. ✷
Thanks to Proposition 15 (coproduct lifts) we deduce the following corollary.
Corollary 26. If Y is a compact CW-complex, then p is a covering map if and only if it
is onto.
The same result is true with a compact topological manifold possibly with boundary.
The first example in the introduction gives a locally compact Hausdorff CW-complex (N)
for which e is onto although it is not a covering map.
7. Graphs
In the case of a 1-dimensional CW-complex, one can show the former result when the
graph has only finitely many components. First one has the following result.
Proposition 27. Every connected graph can be obtained by gluing two trees together.
Proof. Let Y be a graph. It carries a simplicial structure and a maximal tree A with
respect to this structure. Let us consider the simplicial structure obtained by barycentric
subdivision of Y . There exists a tree A′ containing A and maximal with respect to this
new simplicial structure. The graph B made up with the closed edges not in A′ doesn’t
contain any cycle. For a cycle of B would come from a cycle of the graph C made up
with the closed edges not in A, while conversely a cycle of C has all its vertices in A and
disappears in B because of the barycentric subdivision. Hence, the components of B are
simply connected.
F. Apéry / Topology and its Applications 114 (2001) 295–310 309
We denote by B the set of subcomplexes of Y containing the edges not in A′, and whose
components are simply connected. We have just seen above that B is nonempty. Inclusion
makes B an inductively ordered set. By Zorn’s lemma B admits a maximal element B ′. In
order to prove that B ′ is connected, we work out by reduction ad absurdum. Let us consider
a componentB0 of B ′, and a simple path traced on Y starting in B0 and ending in B ′ \B0.
Even if it does mean contracting it, one can assume that this path γ meets B ′ only at the
extremities, its starting point being in B0 and its ending point in another component B1.
The Seifert–Van Kampen theorem shows that B0 ∪ B1 ∪ γ is simply connected, so that
B ′ ∪ γ contradicts maximality of B ′. Then B ′ is connected and simply connected, and is
hence a tree. The graph Y is obtained by gluing the trees A′ and B ′ along their common
intersection. ✷
This proposition doesn’t extend to CW-complexes of higher dimension as shown by the
example below.
Example. The torus T2 is not the union of two contractible subcomplexes. One proves it
by reduction ad absurdum. Let us consider a cellular structure on T2 and let us assume that
T2 is the union of two contractible subcomplexesF0 and F1. The Mayer–Vietoris sequence
gives
H1(F0 ∩ F1)∼=H2
(
T
2)∼= Z.
Furthermore F0 is contractible, so it embeds in the universal cover R2 of T2. Then, if C
is a Jordan cycle traced on F0 ∩ F1, its interior (view in R2) is contained in the simply
connected subsets F0 and F1, and is hence in F0 ∩ F1. This shows that π(F0 ∩ F1,∗) is
trivial contrary to H1(F0 ∩F1). This is a contradiction.
Lemma 28 (gluing). Suppose that for i = 0,1, C∗,U˜ (Yi, X˜) carries the initial topology
of p :C∗,U˜ (Yi, X˜) → C∗,U (Yi,X), p :C∗,U˜ (Yi , X˜) → C∗,U (Yi ,X) is one-to-one, and
p :C∗,U˜ (Y, X˜)→ C∗,U (Y,X) is onto. Then p :C∗,U˜ (Y, X˜)→ C∗,U (Y,X) is a homeo-
morphism.
Proof. The commutative diagram
C∗,U˜ (Y0, X˜)
p
C∗,U (Y0,X)
C∗,U˜ (Y, X˜)
η

0
η

1
p
C∗,U (Y,X)
η

0
η

1
C∗,U˜ (Y1, X˜)
p
C∗,U (Y1,X)
implies first that the middle map p is continuous and one-to-one, since Y = η0Y0 ∪ η1Y1
and
pϕ˜ = pψ˜ ⇒
{
ϕ˜ ◦ η0 = ψ˜ ◦ η0,
ϕ˜ ◦ η1 = ψ˜ ◦ η1.
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Given that C∗,U˜ (Y, X˜)
p→ C∗,U (Y,X) is onto by assumption, it is a continuous bijection.
The relations p ◦ ηi ◦ p−1 = ηi imply, by the initial topology hypothesis, the continuity
of ηi ◦ p−1 ’s, which implies in turn that of p−1 by Lemma 23 (fibered product). ✷
Theorem 29 (graph). Let X˜ p→ X be a covering projection. A graph with finitely many
components lifts p if and only if p :C(Y, X˜)→ C(Y,X) is onto.
Proof. As in Theorem 25 only sufficient part is to be proved. Suppose that p is onto. One
can assume, thanks to Proposition 15 (coproduct lifts), that the graph is connected. One
applies the previous proposition in order to decompose the graph into the union of two
trees. Since a tree is contractible, one can apply Theorem 22 (contractibility), so that the
hypotheses of the former lemma (gluing) are satisfied. ✷
It would remain to study whether this theorem extend to CW-complexes with finitely
many components.
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